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Cavity enhancement of superconductivity

Bardasis-Schrieffer Polaritons

Higgs Polaritons

Coupling superconductors to cavity 
photons allows us to investigate 
interesting problems
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Bardasis-Schrieffer Polaritons

Superconductivity can be enhanced by 
coupling to a suitably engineered 
photonic cavity


Cavity enhancement of superconductivity

2Δ ω*

Scattering 
dominated

Pair-process 
dominated

Scattering 
only

ω

n(ω)>nB(ω) n(ω)<nB(ω)



!7

Bardasis-Schrieffer PolaritonsPreview
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A cavity with a 
supercurrent-bearing 
superconductor can host 
hybrid excitations formed 
from photons and the 
superconductor’s 
collective modes

Condensation of these 
objects may allow for 
the realization of 
interesting new states 
at high temperatures

Higgs Polaritons
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What happens to a superconductor under 
microwave irradiation?
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What happens to a superconductor under 
microwave irradiation?
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• Enhancement of 
superconductivity is 
experimentally observed 
under microwave 
irradiation in certain 
parameter regimes



Microwave stimulation of Superconductivity
The Eliashberg effect
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1
g

= ∫k

1 − 2nF( ξ2
k + Δ2, T)

ξ2
k + Δ2

ñ

Eliashberg, G. M. JETP Letters 11, 114-116 (1970).

Ivlev, B. I., Lisitsyn, S. G. & Eliashberg, G. M.  J. Low Temp. Phys. 10, 449-468 (1973).

Wyatt, A. F. G., Dmitriev, V. M., Moore, W. S. & Sheard, F. W. Phys. Rev. Lett 16, 1166-1169 (1966).

Dayem, A. H. & Wiegand, J. J. Phys. Rev. 155, 419-428 (1967).

Klapwijk, T. M., Bergh, J. N. V. D. & Mooij, J. E. J. Low Temp. Phys 26, 385-405 (1977).

Chang, J.-J. & Scalapino, D. J. J. Low Temp. Phys. 29, 477-485 (1977).

and more

nF(ϵ) = 1 + e
ϵ2 + Δ2

T

−1

E(t) = E0eiωt

γ

ω < 2Δ



Renewed interest in light induced enhancement of 
superconductivity

!13c.f. Chapter 2



Renewed interest in light induced enhancement of 
superconductivity
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arXiv:1809.06879 



Enhancement in the absence of microwaves

!15 arXiv:1805.01482

2Δ ω*

Scattering 
dominated

Pair-process 
dominated

Scattering 
only

ω

n(ω)>nB(ω) n(ω)<nB(ω)

BQPs
(2D SC)

Phonon
bath

Cavity
photons

• The basic idea is to replace microwave irradiation 
with a coupling to (lossy) cavity photons


• The finite size gap of these electrons allows 
the nature of the effect to be tuned


• The electronic system is not driven



Photonic cavities: important properties for us

!16

ωq = c2 [q2 + ( nπ
L )

2] ∼ mc2+ q2

2m• Gapped photons due to finite 
size quantization


• This allows photon energies to 
be tuned into resonance with 
gapped solid state processes


• Tailoring of the wave functions 
allows for stronger light-matter 
coupling



Kinetic equation treatment
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• We can calculate the effect of the cavity 
through the modification of the fermionic 
occupation function


• The occupation function can be obtained from 
the Boltzmann equation with the collision 
integral at one loop order

∂n
∂t

= ℐcav[n] −
n − nF

τin

Boltzmann Equation

1
g

= ∫k

1 − 2n ( ξ2
k + Δ2, T)

ξ2
k + Δ2

arXiv:1805.01482



Types of scattering terms

!18Pair recombination Pair breaking

Relaxation Photoexcitation

In equilibrium, these terms 
cancel due to detailed balance

We concern ourselves with non-
equilibrium processes

ω0 ∼ 2Δ



Types of scattering terms
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Pair recombination Pair breaking

Relaxation Photoexcitation

δnconv.(ϵ, ω) =
αD |Aω |2

γc
Iel
ϵ (ω)

Iel
ϵ (ω) = f(Ω, E) + f(−Ω, E) − f(−Ω, − E)

• Each processes enters as a 
term in the collision integral

δn(ϵ) = τin ∫
∞

0
dω S(ω)(nB(ω, Tqp) − N(ω)) Iel

ϵ (ω)



Cavity Quantum Eliashberg Effect
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δΔ = ∫
∞

0
dω S(ω)(nB(ω, Tqp)−N(ω)) Yel(ω)δΔconv.(ω) =

αD |Aω |2

c
Yel(ω)

S(ω) =
αD
c ∑

q

2πc2

ωq
𝒜q(ω) ∑

α,i∈{x,y}

ϵi
q,α ( L

2 )
2

Conventional Fluctuation

• The total effect is a weighted 
sum determined by the 
photon occupation and 
spectral function Cavity properties



Mechanisms for enhancement
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vs

arXiv:1805.01482

ω < 2Δ ω > 2Δ



Results for two cases
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2D SC layer

Mirror

Mirror
Single modeMulti mode



Multi mode enhancement

!23 arXiv:1805.01482

Decreasing Tcav

Tcav

Tqp

• The enhancement effect is dependent on the resonant frequency of the cavity


• Presented here are the results for an illustrative case of photons at temperature Tcav in a multi-mode cavity


• Enhancement happens via recombination for photons at a lower energy density

ω > 2Δ



Single mode enhancement
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2Δ ω*

Scattering 
dominated

Pair-process 
dominated

Scattering 
only

ω

n(ω)>nB(ω) n(ω)<nB(ω)

Yel(ω) > 0 Yel(ω) < 0

• Enhancement happens for photons 
at a higher energy density

ω < 2Δ



δΔ = ∫
∞

0
dω S(ω)(nB(ω, Tqp) − N(ω))Yel(ω)

Cavity Eliashberg Effect
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Related to the Fermionic distribution function
Related to the photon distribution function

2Δ ω*

Scattering 
dominated

Pair-process 
dominated

Scattering 
only

ω

n(ω)>nB(ω) n(ω)<nB(ω)

Yel(ω) > 0 Yel(ω) < 0

• In general there is a maximum 
frequency where pair processes lead 
to suppression in the traditional effect


• This can be remediated by making the 
photon reservoir ‘colder’ in this 
frequency range

Related to the cavity geometry



Cavity Eliashberg Effect: Summary
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δΔ = ∫
∞

0
dω S(ω)

𝒩(ω) − ℬ(ω)
2

Yel(ω)

• Superconductivity can be enhanced by 
engineering of a coupled photon reservoir


• Our result is applicable for a general 
cavity distribution and spectrum 

• Results can be modified based upon


• Cavity geometry 

• Photon occupation relative to 
Fermionic system

Single mode

Multi mode

In general form
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Cavity exciton-polaritons
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Cavity exciton-polaritons
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Cavity exciton-polaritons
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Cavity exciton-polaritons
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H = (Ωexc g
g ωq)

• Exciton-polaritons have been studied for 60 years 
— Hopfield Phys. Rev. 112, 1555-1567 (1958).


• The physics can be qualitative well described by a 
theory of coupled bosons


• Not only can polaritonic states be formed, but 
condensation is observed up to room temperature 
in some cases — Plumhof et al. Nature Materials 
13, 247-252 (2014).



Bardasis-Schrieffer 
Polaritons

~ a superconductor exciton-
polariton

!32 Phys. Rev. B 99, 020504(R)



The Bardasis-Schrieffer mode

!33e.g. Maiti, S. & Hirschfeld, P. J. Phys. Rev. B 92, 094506 (2015). 

See Also

ℒ =
1
gs

s2 +
1
gd

d2 + ψ̄ (−iϵn + ξk ̂τ3 + s ̂τ1 + di ̂τ2 fd(k)) ψ

⟨s⟩ = Δ0

⟨d⟩ = 0

Higher angular momentum channel

The closest analog 
to excitons in a 
superconductor

V(k, k′�) = ∑
Γ

gΓ ∑
i

fΓi(k, k′�) ≃ gs + gd fd(k)fd(k′�)

⟨d−qdq⟩ ∝ (ω2
m + Ω2

BS(q))−1



Effective bosonic theory of coupled modes
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Seff =
1

2β ∑
q

(d−q, Aα,−q)(
D−1

BS,q gβ,q

g*α,q D−1
αβ,q)

𝒟−1

(
dq

Aβ,q)

dq ∝ bq + b̄−q Aα,q ∝ aα,q + āα,−q

Seff ≈
1
β ∑

q
(b̄q, āα,q) (−iΩm + Ȟeff

q ) (
b̄−q

āβ,−q)

Bardasis-Schrieffer

Photon

• We want to obtain a Hamiltonian 
description like in the exciton-
polariton case


• Of particular importance is the 
hybridization term g 

• This is due to quasiparticles

Two polarizations = Two modes



A recurring theme: vanishing linear coupling
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g = ∑
k,q

∑
α,α′�

nF(Eα
k) − nF(Eα′�

k )
iΩm − (Eα

k − Eα′�
k ) (−evk ⋅ Aq ̂τ0)α,α′ �

(fd(k)τ2)α′ �,α
= 0

• The coupling between the BS mode and 
photons vanishes at q = 0


• Due to


• vanishing overlap of matrix elements 
(current and SC vertices)


• rotational symmetry (d-wave form factor)


• inversion symmetry (velocity operator)
⟶ = Ĝ = ( G F

F† −GT)
Nambu Matrix Green’s Function



Condensate flow induced coupling
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ξk → ξk +
m
2

v2
S + ⃗k ⋅ ⃗v S

Sψ−A →
1
β ∑

k,q

Ψ̄
k+

q
2

(−e ⃗vk ̂τ0 − e ⃗v S ̂τ3) ⋅ ⃗A qΨk−
q
2

Moor, A., Volkov, A. F. & Efetov, K. B. Phys. Rev. Lett 118, 
047001 (2017). 

• Condensate flow has two important 
effects on the system


• The energy acquires a doppler shift 
term from the superfluid velocity


• A new current vertex coupling to 
the gauge field arises (proportional 
to the superfluid velocity)

⟶ = Ĝ = ( G F
F† −GT)

Nambu Green’s Function

Phys. Rev. B 99, 020504(R)
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Ȟeff
q =

ΩBS g 0
g* ωq + ΠS 0
0 0 ωq

,

Effective Hamiltonian bosonic theory of coupled 
modes

⋅ = 0⋅
These form approximately decoupled polarizations

cq/�

!
/�

vF ≪ c

Set q → 0 in the fermionic response
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Ȟeff
q =

ΩBS g 0
g* ωq + ΠS 0
0 0 ωq

, • Within the low-energy theory the 
Hamiltonian separates into two 
sectors


• A single purely photonic mode: 
the ‘dark’ photon 

• A hybrid collective mode-photon 
sector: the Bardasis-Schrieffer 
polaritons

Shift of photon branch

Effective Hamiltonian bosonic theory of coupled 
modes
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Ȟeff
q =

ΩBS g 0
g* ωq + ΠS 0
0 0 ωq

,

• Coupling is due to quasi-particles


• This leads to an intermediate 
temperature where coupling is 
maximized

Shift of photon branch

Effective Hamiltonian bosonic theory of coupled 
modes
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Bardasis-Schrieffer Polaritons

!40 arXiv:1807.06601

• Both the polariton bands and the 
‘dark’ photon can be observed in 
the bosonic dispersion



Angular dependence
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• The form of the coupling allows 
the strength of the hybridization 
to be modified in situ by changing 
the direction of the supercurrent


• The modes exactly decouple at 
𝜃=𝜋/4 (the nodes of the d-wave 
form factor)

Phys. Rev. B 99, 020504(R)



Non-equilibrium s+id superconductivity
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• Due to finite overlap with the BS 
mode, coherent population of the 
lower polariton branch would 
induce a non-equilibrium s±id 
state


• This is due to the phase relation 
implied by the BS mode

Phys. Rev. B 99, 020504(R)



ground state

Non-equilibrium s+id superconductivity
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Uncondensed 
d-wave pairs

Cavity photon
Bardasis-
Schrieffer 
polaritons

• In analogy with exciton-polariton 
condensation, we conjecture that it may be 
possible for Bardasis Schrieffer-polaritons 
to condense


• Residual interaction arise from quartic 
terms


• Thermalization time from physics of order 
𝛥


• Decay time of order cavity decay rate


• Such condensation could represent and 
transient non-equilibrium s±id state

Polaritons  
Equilibrate

Transient  
State

Polaritons  
Decay ⋯

excite polaritons

Phys. Rev. B 99, 020504(R)



Higgs-Polaritons
~ a collective mode-polariton
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Coupling the Higgs mode to light

!45

• The Higgs mode is the amplitude 
mode of the superconducting order 
parameter


• In general, photons do not couple to 
the Higgs mode of a superconductor 
as it has no charge or dipole 
moments.

|Δ(q, Ω) | = Δ0+δΔ(q, Ω)

ΩHiggs = 2Δ0



Coupling the Higgs mode to light
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• The Higgs mode is the amplitude 
mode of the superconducting order 
parameter


• In general, photons do not couple to 
the Higgs mode of a superconductor 
as it has no charge or dipole 
moments.

|Δ(q, Ω) | = Δ0+δΔ(q, Ω)

ΩHiggs = 2Δ0

Δ

ℱ[Δ]



Linear coupling to the Higgs mode
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System Higgs-photon coupling?

Clean = 0

Supercurrent = 0

Disorder & Supercurrent ≠ 0
Moor, A., Volkov, A. F. & Efetov, K. B., Phys. Rev. Lett 118, 047001 (2017). 

Nakamura, S. et al. Infrared activation of Higgs mode by supercurrent injection in a superconductor NbN. arXiv (2018). 



[ĜR]−1(ω, q) = (
− 2ν

λ − ΠR
h(ω) gR(ω)

gR(ω) D−1(ω, q) − ΠR
A(ω))

Effective bosonic theory of coupled modes

!48

Higgs

Photon

⋅

𝒜(ω, q) = −
1

2πi
tr [ĜR(ω, q) − ĜA(ω, q)]

Spectral Function

det {[GR]−1(ωq, q)} = 0

Hybrid Modes

gR ∝ vs

cq/�

!
/�



Effective bosonic theory of coupled modes
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𝒜(ω, q) = −
1

2πi
tr [ĜR(ω, q) − ĜA(ω, q)]

Spectral Function

• Undamped excitation


• 𝛿 - function at mode energy


• Damped excitation


• Lorentzian at mode energy



Polariton Spectral function
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𝒜 = −
1

2πi
tr [GR − GA]
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Damping of the Higgs Polariton
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• There are two competing effects here


• the Higgs mode is damped by its 
coupling to the two particle 
continuum


• but, the hybridization pushes lower 
branch down into the gap



Damping of the Higgs Polariton

!53

• There are two competing 
effects here


• the Higgs mode is damped 
by its coupling to the two 
particle continuum


• but, the hybridization 
pushes lower branch down 
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Cavity superconductor polaritons
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• Cavity photons can hybridize with the 
collective mode of a superconductor 
to form well defined hybrid excitations 
- cavity superconductor-polaritons 

• We have demonstrated this 
construction with two collective 
modes


• The Higgs Mode


• The Bardasis-Schrieffer Mode
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

1.5

2

2.5

3

cq/�

!
/�

2,000

4,000

6,000

d

0.0 0.1 0.2 0.3 0.4
cq/∆

0.34

0.36

0.38

0.40

0.42

�/
2∆

polaritons

"dark" photon
ss d

Mirror
2D SC
layer

L

Mirror
d-wave
mode

s-wave pairs
ss ss Is



0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
1.5

2

2.5

3

cq/�

!
/�

2,000

4,000

6,000
d

0.0 0.1 0.2 0.3 0.4
cq/∆

0.34

0.36

0.38

0.40

0.42

�/
2∆

polaritons

"dark" photon
ss d

Mirror
2D SC
layer

L

Mirror
d-wave
mode

s-wave pairs
ss ss Is

Thank you!
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Summary
• Chapter 4 - Cavity Quantum Eliashberg Enhancement 

of Superconductivity 

• A superconductor placed in a properly resonant 
photonic cavity can be enhanced by engineering of 
the photonic distribution function (arXiv:1805.01482)


• Chapter 5 - Cavity superconductor-Polaritons 

• Bardasis-Schrieffer (BS) polaritons can be 
formed by tuning the cavity frequency to the BS 
frequency and could form a non-equilibrium s±id 
state (Phys. Rev. B 99, 020504(R))


• The Higgs mode of a disordered superconductor 
can be hybridized with light in the present of a 
supercurrent and can lead to polariton formation


